SHIMURA LIFTS OF NEARLY HOLOMORPHIC MODULAR FORMS

ABBY LINSCOTT, TIANYU NI, ISH SHAH, AND HUI XUE

ABSTRACT. We extend the Shimura lifts to nearly holomorphic modular forms of half-integral
weight. Then, we show Hecke equivariance for this extension of the Shimura lifts, as well as new

Selberg identities in this context.

1. INTRODUCTION

Let f(z) be a function on the upper half plane H with z = = + iy. For an integer £ > 0 and
v = {‘; Z} € I'g(4) we denote the weight k + 1/2 double slash operator [12, p. 447]

c ke
(o) () i= (§) 841z + )12 02), (1)
Here (5) denotes the Kronecker symbol and €45 = (_74) Y2 for an odd integer d is given by

1 ifd=1 (mod4),
i ifd=3 (mod 4).

Ed =

If [ is a real number and ~ :[Z Z} € GLJ (R) we also define the weight [ single slash operator as

(fli7) (2) := det(7)"(cz + d) ' f(72), (1.2)
see Cohen [4, p. 280]. Here and above, (cz + d)! is taken to be the principal branch when [ ¢ Z.

A holomorphic function f(z) on the upper plane H is called a modular form of weight &+ 1/2,
denoted f € My 1/2(4), if for every v € I'o(4)

fles127 =1,

and f is holomorphic at the cusps of I'g(4); see Shimura [12]. We say f € Mj;/5(4) is a cusp
form, denoted f € Si11/2(4), if f vanishes at the cusps of I'g(4). Analogously, for an even integer
k > 4, we write My(1) (resp. Sk(1)) for the space of modular forms (resp. cusp forms) of weight

k and level one.
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In order to state and prove cleaner results we shall confine ourselves to the Kohnen’s plus

subspace of My, 4 /2(4), defined by

M, () =" ap(n)q" € Mysrjs(4) [ag(n) =0 if (~1)n=2,3 (mod 4)},

n>0

27z and we denote Sk+1/2(4) = MI;F+1/2 N Sky1/2(4)-

Let D be a fundamental discriminant (i.e. D = 1 or is the discriminant of a quadratic field)
such that (—1)¥D > 0. Following Kohnen [7, p. 251], for f(z) = Ym0 ar(n)gt € M,:rl/Q
define its D-th Shimura lift as

s (o) = 0o -0+ 3 (5 (2)a o (101 ) | )

n>0 n>1 \ dln

where ¢ = e

(4), we

where (2) as before is the Kronecker symbol and Lp(s) is its associated L-function. It is known

that Sp maps M]:FH/Q( ) to Mo (1) and Slj+1/2

Hecke operators; see Kohnen [7, Theorem 1] and Shimura [12].

(4) to Sax(1), and commutes with the action of

In this context, we recall a beautiful identity for the Shimura lift S, first observed by Selberg.
Suppose f(z) = >_,>gar(n)q" € My(1) is a normalized Hecke eigenform. Here, the normalization
on f is made such that ay(1) = 1. In particular, if f is noncuspidal, then f(z) = Gi(z) =

C(1=Fk)/2+ 3,51 0k-1(n)g". Let 0(2) =3, q" e M;?z be the classic theta function. Then

S1(f(42)8(2)) = f(2)* € Moy, (1.4)
This identity has been recently generalized to Rankin-Cohen brackets of modular forms in [3] and

[16], independently. Let f(z) and g(z) be two smooth functions on C. For any given real numbers
a,b and an integer e > 0, the e-th Rankin-Cohen bracket of f(z) and g(z) is defined as [18, (1)]:

701 = S (1) ( - 1) ( b 1) F2) (),

e—rTr T
r=0

where f(z)") := (2711)r d;’; (T 2) is the normalized r-th derivative of f with respect to z. When a and
b are clear from context, such as by being weights of (nearly holomorphic) modular forms, we
may choose to omit (a,b) from the notation. Here, the binomial coefficient ( ) for complex a, b is

defined through gamma functions as %.

Choie-Kohnen-Zhang [3, Proposition 2.1] and Xue [16, Theorem 1.1] independently showed
that if k& > 4 is an even integer, f(z) € Mj(1) is a normalized Hecke eigenform, and e is a
nonnegative integer, then

(kJrefl)

S1([f(42),0(2)e) = (Hzﬁ[f@),f@)be- (1.5)

2e
Later, a similar Selberg identity has been obtained in [5] for the Shimura lift Sp with D odd; see
Section 5 for the detail.
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For a real number [ and integer n > 0, the Maass-Shimura operator of weight [ is given by

w_ (LY (rone2 d\(Limed 4\ (1 4
o= <27ri> < 24y L 24y T 2iy+dz ’
(0)

where ;" is the identity operator and we write 551) = ;. Recall that for k an integer, if a function
f(z) =" cjy 7 f(z) on H satisfies for v € SLa(Z)

(fle7)(z) = f(2),

and such that each f; is holomorphic with a holomorphic Fourier expansion at oo, then f(z)
is called a nearly holomorphic modular form of weight k& in the sense of Shimura [13], denoted
f(z) e M, k(1). It is well known that J\//.Tk(l) is spanned by nearly holomorphic forms like (5,@%(9)
for g € My_2,(1); see Shimura [13, Lemma 7] or Lanphier [8, Lemma 1].

We now define the notion of nearly holomorphic modular forms of half-integral weight.

Definition 1.1. Let £ > 0,n > 0 be integers. A smooth function f(z) on the upper half plane is
called a nearly holomorphic modular form of weight k£ 4+ 1/2 and depth n provided that

(1) fllg+1/27 = f for all v € T'g(4), and
(2) for each o € SLy(Z) we have (flry1/20)(2) = > 1y Y™ foj(2) with f, ;(2) holomorphic,
and foj(2) =Y 0 aa,;(n)g", that is f, ; is holomorphic at infinity.

We denote the space generated by nearly holomorphic modular forms of weight k& + 1/2 (and any
depth) as Myy1/2(4). If f(2) € M\k+1/2(4) furthermore satisfies for « = I € SLy(Z) and all j

(3) arj(m) =0if (=1)¥m = 2,3 (mod 4),

then we denote f(z) € M\:+1/2(4).

Similar to the integral weight case, we will show that the space Mt (4) is actually generated

k+1/2
by 5,271)2n+1/2(f) for f € M;_2n+1/2(4) and n > 0; see Lemma 2.1. For an integer k > 0, it is not
hard to verify that 6" : My(1) = Myyan(1) and 07, 1+ My ) o (4) = M, 0(4).

Let D be a fundamental discriminant such that (—1)*D > 0. We extend the D-th Shimura

lift (1.3) on M, ,(4) to M, ,(4) by letting

Sp (51@2n+1/2(f)) == | D65, (Sp(f)). (1.6)

where f € M ,j_% 4 /2(4). One of our main results is the following extended Selberg identity for
the first Shimura lift Sy.

Theorem 1.2. Let f € My (1) be a normalized Hecke eigenform of weight & > 4. Furthermore,

let n,e > 0 be integers. Then,
(k+e+2n71)

s (17 (f(42)),00). ) = 4n(,€+2€jgn_1)[6,2">f<z>,5,i”>f<z>be.

2e
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More generally, if D is an odd fundamental discriminant such that (—1)¥D > 0, then we will

show in Theorem 5.2 that a similar identity for Sp also holds true.

The paper is organized as follows. In Section 2 we present several combinatorial identities on
Maass-Shimura operators and Rankin-Cohen brackets. Many of these identities have been proven
in Lanphier [8] for modular forms of integral weight. However, we need to make sure that they
continue to hold for modular forms of half-integral weight. We show that the extended Shimura
lifts Sp (1.6) are Hecke equivariant in Section 3. This property is of critical importance and
justifies the validity of our definition of these extended Shimura lifts. Section 4 is devoted to the
proof of Theorem 1.2, which will be extended to Sp for odd D in Section 5. We will discuss in

Section 6 the relationship between our results and previous work on the Shimura correspondence.

2. COMBINATORIAL IDENTITIES ON MAASS-SHIMURA OPERATORS

In this section we state and prove some necessary combinatorial identities involving Maass-

Shimura operators and Rankin-Cohen brackets.
We first present the following result asserting that Mlj 1 /2(4) is generated by 5](2% 41 /2( )
with f € M]:r_2n+1/2(4) and n > 0. Our proof closely follows that of Shimura [13, Lemma 7).

Lemma 2.1. Suppose f € ]\//Tl;"+1/2(4) is of depth n, that is for v € I'yp(4) and « € SLo(Z)

(Flles1y27) (2) = f(2) and  (flgirj20)(2) = Zy_jfa,j(Z),
=0

where for each j, fa,;(2) is holomorphic on H and oo, and f1;(z) = >_, ¢ ar,;(m)g™ such that
ar j(m) =0 if (=1)¥m = 2,3 (mod 4). Then

nF(k — 2n + 1/2) (n) no! )
f(z) = (—4m) Tk —n+1/2) 5k—2n+1/2f17"(z) + §5k_2j+1/2hj(2>

where hj(z) € M;_2j+1/2(4) and fr,(z) € M;—2n+1/2(4)'

Proof. The n = 0 case is immediate, so we assume the claim holds for n — 1 for some n > 1. For
o= {Z Z} € SLa(Z), we denote Im(az) as a(y), and have a(y) ™' =y~ (cz + d)? — 2ci(cz + d).

First, we verify that fr, € M," (4). Let a € SLa(Z) be as above and notice that

2n+1/2
n n—1
flaz) = a(y) 7 frjlaz) = (y~ ' (cz + d)? = 2ci(cz + d))" fru(az) + Y aly) ™ fr;(az)
j=0 Jj=0

n n—1
=frn(az) Z <Z> y " (cz + d)*(—2¢) " (cz +d)T + Z a(y) ™ fr(az). (2.1)

r=0 j=0
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On the other hand, by our assumption
flaz) = (c+ d2)" V2 (fles1/20)(2) = (c+ d2)* T2y "y fo (). (2.2)
j=0
Comparing the coefficients of y~™ in (2.1) and (2.2) we conclude that

fra(az)(cz + d)* = (c+d2)* 2 [ 0(2), or  (fralk—oni1/20)(2) = fam(2).  (2.3)

This means that fr, is holomorphic at the cusps of I'g(4). Now, assume o € I'g(4). Then
(fllk+1/22)(2) = f(2), and by (1.1) and our assumption

flaz) = (( d) 2 ez + d)k1/2> - f(z) = ((2) 2 (cz + d)k1/2> - jz;yﬂ' fri(2)

Comparing the coefficients of y~™ in (2.1) and this equation, we get

(<d> €26+ (¢z + d)k1/2> B Fin(2) = (c2 + A2 frn(as).

Since €Zk+1 = Ezk_%“, we conclude that f1,||p—2nt1/20(2) = frn(z) for a € To(4). At last, by

our assumption on the Fourier coefficients of fr, we get fr, € Mt k—2n+1/2 (4).

Recall that for any smooth function g on H and real number [ > 0 [19, (56)]:

n—1

5 g(z2) = (—4m) ™ (1), "g(2) + 3 P (—dm) Iy g (2) (2.4)
j=0

where Pj(,?) = (?)(l +n—j)j, (@), =T'(a+n)/I'(a) is the Pochhammer symbol, and as before
g9 (z) = (27&2’)1 %(z) is the j-th normalized derivative.

To complete the induction process define the function h(z) by

h(z) = f(z) — (—477)”1;((12 _2::11//22)) 2n+1/2fln( z).

It remains to show that h(z) € M;+1/2( ) and is of depth n — 1. It is clear that h(z) satisfies

conditions (1) and (3) of Definition 1.1 because f € k+1/2( ) and fr, € M," 2n+1/2(4)' By (2.3)
and commutativity between Maass-Shimura and slash operators (Cohen [4, Lemma 7.3])
2L(k—2n+1/2) n)
(Mlis1/20)(2) = (flis1/20)(2) — (—4m) T(k—n+1/2) (<5k; ant1/277, n) ’k+1/20‘> (2)

T(k—2n+1/2)
T(k—n+1/2) *

= (f|k+1/204)(z) — (—4m)" 2n+1/2(fan( z)).

Applying (2.4) to fan(2) and using the assumption that (f|p41/20)(2) = Z?:o Y faj(2), we get

I'k—2 1/2)
(Plpg1/20) (2 Zy I foj(z —4r)" I‘((k_:_:_l//z Z o 2n+1/2( Arr)™ ]f(n N(z)
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n—1
_ CTE—2n+1/2) ;m) n—j p(n—3)
=37 (1oal) = T 1 P AV G

Since fq j(2) and their derivatives are holomorphic on H and oo, h(z) also satisfies condition (2)

of Definition 1.1 for n — 1. This completes the induction argument. O

The following results were shown in Lanphier [8] for modular forms of integral weights k and
[. In [17], they were extended to smooth functions (still with integer parameters). We can further

extend these to when k, ! are positive real numbers using proofs similar to the ones in [17].

Proposition 2.2. Let f and g be smooth functions on the upper half plane. Then for real k,1 > 0
k+n—1\/l+n—-1\ (» n—r
a0 =3 (FE N (00
r=0

Proof sketch. Refer to Xue and Prabath [17, Proposition 2.3] and replace the factorials with
gamma functions to show that this holds for real k,1 > 0. g

Proposition 2.3. Let f and g be smooth functions on the upper half plane. Then for real k,1 > 0

Z a;(n kizi)zj (51(3)(]0) X 9) ) (2.5)
where

aj(n):(_l)j<k‘+n—1> (k:+l+n+j—2>'

n—J J
Proof sketch. Refer to Xue and Prabath [17, Proposition 2.4] and replace the factorials with

gamma functions to show that this holds for real k£, > 0. Note that the alternating Vandermonde
convolution identity [11, p. 11] used in the proof,

() 2 () ()

§=0
can be verified when N or p are real numbers by induction on M and Pascal’s identity. O
Now, we are able to show that [(5( )(f( 4z)),0(z)]e belongs to Mk+2n+26+1/2(4)

Proposition 2.4. Let f € My(1) where k > 4. Then for n,e > 0 we have
04 (F(42)), 0(2)]e € ME 51 j2(4):

Proof. Write g(z) = f(4z). For any integer m > 0, it is immediate that for v = {Z Z} e Tp(4)

(5;(:1)9 X 9) ktr2mt1/27(2) = 51(cm)(9(z)) x 0(z).
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That is 5,(€m)g(z) X 0(z) satisfies condition (1) of Definition 1.1. Now, letting @ € SLy(Z) and
applying (2.4) to (g|xa)(z) we see

<51(gm)9 X 0) ‘k+2m+1/20‘(z) - <<5l(fm)g> |k+2ma> (2) x (6’1/204) (=)
=5 (glkar) (2) x (6]120) (2)

dejy (g]ka) P (2) x (0]1/20)(2)

for some constants d;. Since (g|za)V) and 6\1 /2cc are all holomorphic at co, so condition (2) of
Definition 1.1 is verified for 5](€m) g(z) x 0(z). It is also clear that 5,(€m) g(z) x 0(z) satisfies condition

(3) because gV (2) = 4 fU)(42). Thus 8\ g(2) x 6(z) € My, ., 1(4).

Finally, using Proposition 2.3, we can write

9"9(2), 6(:)] = Z a5 5 oy (00 9()  8(2))
Since 5](€+)1/2 MI:+1/2 — ]\416Jr2 12 for m > 0, we conclude [5](!1)9(2), 0(2)]e € M;+2n+2e+1/2. O

3. HECKE EQUIVARIANCE OF SHIMURA LIFTS

The goal of this section is two-folded: we first extend the definition of Hecke operators to
nearly holomorphic modular forms, and then show that the extended Shimura lift Sp (1.6) is
Hecke equivariant. The theory of Hecke operators on the holomorphic My (1) is well known, so

we will focus on Hecke operators on Mj./5(4) and M, M (4), following closely the exposition

k+1/2
of [12]. Let G be the group of ordered pairs («, ¢(z)), where « :[Z Z}G GLj (R) and ¢(z) is a

holomorphic function on H such that |¢(z)| = (det a)~1/4|cz + d|'/?, with group law defined by
(@, 6(2))(B,9(2)) = (aB, ¢(82)¢(2))-
The weight k& + 1/2 double slash operator of £ = («, ¢(2)) € G on f is given by

(fllks1/26) (2) = (=) faz) = o(2) 71 f(€2).
There is a natural embedding of I'4(4) into G given by
L:a— o = (o, (e, 2)),

where j(a, z) = (g)sd(cz +d)V? if a = {’i 2} It is the inverse of the projection mapping

Note that Mj_/2(4) consists of holomorphic functions f on H which satisfy f||j41/20" = f
for every a € I'yg(4) and which are holomorphic at the cusps. We still denote the image of T'g(4)
in G as I'g(4).
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For a prime p, let a = Ll) ;2} and &€ = (a,p'/?). Then the Hecke operator T2 4172 On ]\7k+1/2 (4)
is given by

Tp2,k+1/2(f) = pk_3/2 Z fl |k+1/2£uv

where £, are right coset representatives of I'g(4) in I'g(4)€ly(4). It is more convenient to rewrite
this definition in terms of single slash operators (1.2). We recall the following result of Shimura

[12, p. 451] on an explicit set of right coset representatives.

Lemma 3.1 ([12]). A set of coset representatives of I'g(4)\I'g(4){T(4) is given by

1 b
ap = (o, p'/?) = <[ 2] ,p1/2> : 0<b<p?
0 p
. (—h p h _<—h>
(et (L)) = 20, 0<h<p,
s (- ](2) p
2
S V. N (N el B
0" = (o,p /%) <[0 1],1) )

Thus, if f(z) € ]/\I\k+1/2(4), then [12, p. 451] gives

Tp2,k+1/2 (f)

=ph=3/2 (Z Flles120s + > Flles1y28; + f’|k+1/2‘7*>
b h

Il a4 i B\ . [(pz+h
—p? Z f <2> 4 k32 Zgzkﬂ ()f () + 2 (p2)
b=0 p h=1 p p
p—1

=p~? Zpkﬂ/ Flesiyap™ on +p*- 3/2 Z€2k+1< » >f\k+1/2p "B+ P%*lpfk*l/Qf’kap*lU
b

Pt 3/2Zf|k+1/2p Loy + 3/2252k+1< )f‘k—i—l/Qp B+ /2f|k+1/2p_10- (3.1)
h=1

When f(2) = >_,5¢ar(n)q" € Myy1/2(4), (3.1) can be further simplified as [12, Theorem 1.7]
n n
Tosanalf) = X asttna+ 3 (S0 )t + 3 tay (5 ). 32
n>0 n>0 n>0

Since the single slash operator commutes with 6](%)1/2, we have from (3.1) that for f € ]/\/_f\k+1/2(4),

5(1)1/2 ( 2 k+l/2(f))
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p—1
_5&21/2( 32 flisrjop” on +pt 3/2252k+1< )f|1<;+1/2p By + p /zf!k+1/2p_10>
h=1

h n _
pk 3/2( k+1/2f)‘k+2n+1/2p 1Ofb +pk 3/2 Z 2k+1( D )(5](g+)1/2f)k+2n+1/2p 1/8h
h=1

+ ph3/2 (%‘waf) |k+2n+1/2P_10
=0 " T2 k2nt1)2 (5127_?1/2(f)> : (3-3)

On the other hand, for modular forms of integral weight, the same argument (or [2, Proposition

2.4]) gives us the following relation on Hecke operators for g € Mo (1):
552) (Tp2k(9)) = 0 "Tp 2k+2n (552) (9)) . (3.4)

We also need to define Hecke operators on the subspace Mk 1 /2(4). If p is an odd prime,
then the Hecke operator T3

p2k+1/2
to Mk+1/2( ); see [7, Section 2.3] for the claim on Mk+1/2( ) and their equality on M

k+1/2( ) is
due to (3.3). In this case, combining the commutativity established in (3. 3) and (3.4) we obtain

on Mk+1/2( ) is exactly the restriction of the above T 1.1 1/9

the following equivariance of Hecke operators for the Shimura lift Sp on M;" K1/ (4).

Proposition 3.2. Let f € k+1/2( ) and D a fundamental discriminant such that (—1)*D > 0.

Then for every prime p and n > 0 we have

Ty, 2k-+an (SD ( k:+1/2f>) (Tt k+2n+1/2 (512721/2‘}0)) '

Consequently, for g € Mt K1/ and any prime p we have the following Hecke equivariance

T2 (Sp(9)) = Sb (T 1109 -

Proof. When p is odd, as discussed above, we have T4 s k+1/2(f) = T2 jy1/2(f). Thus

Tyonsan (Sp (00 f ) ) = 1D Ty aian (857 (Sp(£)) by (16)
= p?"| D05 (Took (Sp(f)) by (3.4)
= p?n| D[ <5D ( 12 f)) by holomorphic equivariance
s (5,(%)1/2 (Tt Hl/gf)) by (1.6)
=Sp ( 2 k+2n+1/2( k+1/2f)) J by (3.3)
as desired.

When p = 2, the same argument also applies by the discussion below. O
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At last, for completeness, we consider the case of T4+ that is when p = 2. Recall that

k172
Kohnen [7, p. 250] defined T:k+1/2 on f € M;+1/2(4) as

Ty 1) = 3 <af(4n) + (H;k?l) 26~1a,(n) + 22~ 1a, (Z)) ", (3.5)

(—1)kn=0,1 (mod 4)

We again need to rewrite this Hecke operator in terms of slash operators. Since f € M Ij and

+1/2
thus as(n) = 0 for (—1)*n = 2,3 (mod 4), we only need to rewrite the g-series in (3.5) involving
af(4n) because the other two g-series remain the same as those in T}y ;.11 /2(f) by (3.2). This has

been done by Kohnen [7, (1)]:
. ar(4n)q" = s1(f) + s3(f) + sa(f)-
(—1)kn=0,1 (mod 4)
Here for v =1, 2, 3,

_ “ 2 _
so(£) = 257202 ((Fllsr oW g 205) W12 Wy sa(f) = <2k i 1) 2" Fl 1 2 Wi,
1
where o = (a,,2/?) = ([ U] ,21/2>. Note that for :{0 —1/2},
0 4 2 0
ke 1 N
(M) (2 i= (2027128 (=) = () (flagayan) (2.

see Xue [16, (3.3)]. At the same time, (3.1) shows that g||;41/2c; is a multiple of a single slash
operator. In other words, the first term Z(fl)knzo,l (mod 4) a¢(4n)qg™ in (3.5) can also be written
as a linear combination of single slash operators. Hence, the argument of (3.3) still works for

T 4+ k12 and thus the Hecke equivariance claim in Proposition 3.2 continues to hold for p = 2.

4. SELBERG IDENTITY FOR Si

This section is devoted to the proof of Theorem 1.2, one of our main results. We begin by

establishing the following hypergeometric sum identity.

Lemma 4.1. Let e, m be nonnegative integers with m < 2e and k£ > 0 a real number. Then,

3 L e [ e e

Proof. We recognize this sum as a terminating hypergeometric series. A computation shows that

L) (T () - (),

and we note

—2e+mk+e—21 —m " (—2e+m);
3£ 2 i1 :Z( : )i
k,—€+§ ]'(k

(k + e = 5)i(=m);
)i(—e+3); '

J=0
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One checks that —e +1/2 = 1+ (—2e +m) + (k+ e —1/2) — k — m, and m is a nonnegative
integer, so we may apply Saalschiitz’s theorem [1, p. 9] to obtain

7 —2e+m,k+e—%,—m_1 _(k+26—m)m(%—e)m
o k,—e+ 1 T Mmle—m+ b)m

o m (k+2e—m)py,
B

This gives us

g%(—@i <k Jgi; 1) <k + e+jj — 3/2) (2;—_2;) I <ine> (k +Z - 1>(k+(2£);m)m

e GEDERTY
(kJrZefl) ’
2e

— (1"

so the claimed identity holds. O

Now, we prove the e = 0 case of Theorem 1.2.

Proposition 4.2. Let f € My (1) be a normalized Hecke eigenform of weight & > 4. Furthermore,
let n > 0 be an integer. Then,
81 (6™ (f(42)) x 0(=)) = 47 (57 1(2)) 4.1
10 (f(42)) x 0(2) ) = w f(2)) (4.1)
Proof. We proceed by induction on n. In the n = 0 case, this is the known Selberg identity (1.4).
Now, let n > 1 and suppose that (4.1) holds for 0 < j < n. By Proposition 2.3, we have

(1) <k +2n — 3/2) 52”)(f(42)) % 0(2)

=[/(42), 0()]n — Y a; ()00, (0 (F(42)) x 0(2)), (4.2)
§=0

where for 0 < j <n
(k+n—1\(k+n+j—3/2
- ()
s = (U ]
Now, we take S; of both sides of (4.2). Using (1.5) and (1.6) as well as our induction hypothesis
on the right, we get

k4+n—1 n—1 ) )
((,H;;_l))[f(z), F(an = Aa;(m)og <(5ff)f(Z))2> . (4.3)
2n =0
So by (4.2) and (4.3),
$ (5 (£(42)) x 0(2)) = (—1>"(,€+2;“_3/2), (1.4)

where A is exactly (4.3).
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Now, we examine A by finding the coefficient of 5,(!”) f(z) x 5,&2"77”) f(z)init for 0 <m <mn
through purely algebraic manipulations. Applying the Leibniz rule for

2n—
n j 2 2n — 2] i
6§i+4§”<(6£”f<z>)> §j( . )6“*‘”

- TEDp(2) % 62" ().
d=0

5(271 24)

oktdj o WE obtain

Using this and Proposition 2.2, we obtain that in the case 0 < m < n, the coefficient is

, ((—1)”1&;11))(]{:;2?;1) <k:+i7; 1)

_Z(_4)j(k+n— 1> <kz+n+j—3/2> <2n—2j>
par n—j j m—j
which is seen to be zero by applying Lemma 4.1 with e = n. In the case m = n, we similarly find
the coefficient of 5,(€n)f(z) X 6,(€n)f(z) in A is
ST ko -1\ &= k+n—1\(k+n+j—3/2\ (2n—2j
(=1 (k+2n71) Z n—j . .
7=0

om J n—17
This sum is equal to

n

j§)<_4)j<k:i;1><k+n+jj_3/2) <2n—2j> _(_4)n<k+2n—3/2>7

n—J
and applying Lemma 4.1 with e = m = n gives
n

S () e (Y

A= (T (50110)

(74)n(k+27:;3/2 5(n)f(z) 2
S (007(F(42)) x 0(2)) = (-1)" (k+2n_)3 /(2)’“ ) v (5 2))".
as desired.

n

So we get

and thus by (4.4) we have

Now, we can prove Theorem 1.2 in full generality.

Theorem 1.2. Let f € My(1) be a normalized Hecke eigenform of weight & > 4. Furthermore
let n,e > 0 be integers. Then,

(k+e+2n71)
s (17 (7(42)),00). ) = 4n(,€+2€jgn_1)[6,2">f<z>,5,i”>f<z>be.

2e
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Proof. The e = 0 case is done in Proposition 4.2, so suppose e > 1. Using Proposition 2.3, we get

[0 (f (42 Zaj Ok ot a0 (F(42)) % 0(2)),

where for 0 < j <e,
(k+2n+e—1\(k+2n+e+j5—-3/2
o =0 (TR ;)

Using the Leibniz rule and applying Proposition 4.2 together with (1.6) using D = 1, we get that

Si (16774, 0 ) = Zaj G (50 (r42) x 0(2)

n 2e—2 n+j 2
=3 ottty (3 10)’)
2e—2j

SONICHS (26 4 29) T (O S (O]
j=0

d=0

Now, we find the coefficient of 5,in+m)f(z) X 5,(€n+2€_m)f(z) with 0 < m < e. Inthe case 0 < m < e,

the coeflicient is

" : 2 -1 2 i —3/2\ [2e —2
2x4nz(_4>]<k+ n—i-‘e ><k+ n+e.+] 3/ )( e ]>
= e—J J m—j

which by Lemma 4.1 (applied with k& + 2n instead of k) is equal to

, (FrEntesh mlk+2n+2e—1\ (k+2n+2—1
2 x4 (Frmizey (=1) % —m .

m
2e

2
Meanwhile, in the case m = e, the coeflicient of (5,(€n+6)f(z)) is

4”i(_4)j</€+2n+.e—l> <k+2n+1/g+e+j_2> (26—2_]’),

= e—J j e—J
which by similarly applying Lemma 4.1 in the case m = e is seen to be equal to

k+2n+e+1 2
+2n+2e—1
n ( . ) « ( 1)e<k: n e ) '

(k+2n2—:2e+1) e

Since

e—1
Sk +2n+2e—1\ (k+2n+2e — 1\ _(nti nd-2e—i
2) (_1)J< >< . >5IE: H)f(Z)X(;,(C +2 J)f(z)
0

= 2e -7 J
(k+2n+2e—1\ (k+2n+2e—1 n % n
= 3 (MR T (R o, (o05)) < o0 (57 11)
OS.J;'EQ@
j#e
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we have that S; <[(5,(€n)(f(4z)),9(z)]e) =

gn (kanretly 2¢ (k4+2n+2e—1\ (k+2n+2e—1\ () (. (2e—g) { «(n)
(k+2n+26+1) Z(_l)]< 2e — 3 > ( Jj >6kj+2n (616 f(z)) 6k+2nj (616 f(z)) ’

2¢ §=0

We easily recognize the last sum without the factor in front as [5,(;) f(2), 61(:1) f(2)]2e by Proposition
2.2 and thus conclude the proof. O

5. SELBERG IDENTITY FOR Sp

We want to get a result similar to Theorem 1.2 for the D-th Shimura lift Sp for a general D.

To achieve this we need first to introduce some notation.

Let £ > 4 and e > 0 be integers with £ = k+ 2e and let D be an odd fundamental discriminant
such that (—1)*D > 0. The Eisenstein series Gp,p and G} 4p are given by [6, p. 185]

Grp(z) = Lf’(g_k) 4 i > (Z;)dk—l q" € M <|D, <D>> ,

n=1 \ dn
Gap(2) == Gyp(4z) —27F (2) Gk,p(22) € M, <4ID\, <D>> ;
where Lp(s) = 3,51 (B)n™*. Recall two functions from [5]:
Fpe(2) = TP ([Gr,p(2), Gi,p(2)]2e) € Sa(1),

Gpe(2) = Tri” ([Gr,p(42),0(ID]2)]e)

This definition of Gp 1. is equivalent to the one presented in [5, (1.12)] by [5, Proposition 3.9].
Here Tr}; for M | N is the trace map from modular forms of level N to level M. We now define

two corresponding functions in the nearly holomorphic setting:
Foke?) =T (0" Grp(). 6" Grp(2)lae )
k

G5ko(2) =P (100" (Gr,p(42)) , 6(1DI2)] )

)

Lemma 5.1. We have that

n) T
gé),k,e(z) S Ml:+2n+2e+1/2(4)'

Proof. By [5, Lemma 3.1] or [6, p. 196], as a set of representatives for I'o(4D)\I'g(4) we can take

_ 1 Of |11 wp| 1 7
o= Aypy 1| o 1] T |4Dy] 4plDi| 41

where D1, Dy are fundamental discriminants. To ease notation we simply write this set of repre-

’ D:DlDQ) H mod D27

sentatives as {;}. It is straightforward to verify that for each ; and integer k > 1

k1727 = Flisr/27is
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a fact which was used implicitly in both [6] and [5]. This implies that for g € ]\/Zk+2n+26+1 /2(4)
TriD(g) = Z Ilkront2er1/2Vi = Zg\k+2n+2e+1/2’7j-
J J
Since Maass-Shimura operators commute with both the slash and double slash operators, this
makes it clear that they commute with the trace map Tri” as well.

To prove our desired result, we will first show that TriD(@(gn)Gk,D(élz) x 6(|D|z)) is in the
plus space by induction on n. This is known when n = 0 by [6], so let n > 1 and assume that
TriD(dl(f)kaD(élz) x0(|D|z)) is in the plus space for 0 < j < n. Then, by Proposition 2.3, linearity

of the trace, and commutativity of the trace map and Maass-Shimura operators, we have

an (1) TriP (5,@")@@(42) X 0(|D|z))

=Te{? ((Gr.p(42). 6(D)2) Zag 0 0y (TP (8Gp(42) x 0(1D]2)) )

We know the first term is in the plus space by [5], and that TrﬁD(élgj)GhD(élz) x 0(|D|z)) €

M, ]: 241 /2(4) by the induction hypothesis. Since the Maass-Shimura operator preserves the plus
space, this shows that TriD((Sl(cn)Gk,D(éLz) x 0(|D|z)) € M]j+2n+1/2(4)

Now, using Proposition 2.3, we can write
TP (6" (Gh.p(42)), 6(|D2) Z a5(€)0kanr2g41/2 (047 (Grp(42)) x 0(ID]2) )

=3 aj()kranrajinge (T (77 (Ghp(42)) x 0(1D]2)) )
j=0

By the argument above, each Tr4D(5(n+])(Gk p(4z)) x 6(|D|z)) is in the plus space, from which

the conclusion follows. OJ

The next theorem gives the desired extension of Theorem 1.2 to Sp.

Theorem 5.2. Let k£ > 4, n,e > 0 be integers, and D an odd fundamental discriminant such
that (—1)¥D > 0. Then we have

. (k+e+2nfl) .
Sp (Q[Zkﬁ(z)) = 4”]D|”+GUC+T6MFD,k,e(Z)'
2e

Similar to the proof of Theorem 1.2, we will first prove the e = 0 case.
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Proposition 5.3. With the assumptions of Theorem 5.2, we have

So (TrﬁD (5,&"’ (Gr.p(42)) x 9(|D|z)>> — 4"|D|" TvP ((6,(€n)Gk7D(z))2> .

Proof. We proceed by induction on n. In the n = 0 case, this is known; see [5, Theorem 1.1}, or
Kohnen-Zagier [6, Proposition 3]. Now, let n > 1 and assume that the identity holds when n is
replaced with j for all 0 < j < n. By Proposition 2.3 and linearity of the trace map, we have

an(n) TrdP (5§">(Gk,D(4z)) X 0(|D\z))

= Te4P ([Gh.p(42), 0(D|2)]n Zaj ) TriD (5(" J)

0,07 (Grp(42)) x 6(DJ2)) , (5.1)

(k+n—1\(k+n+j—3/2
(n) = (—1)

i = (o (FE ) (R,
Now we take Sp of both sides of (5.1). On the left, we have
k+2n—3/2 n

(—1)”< . />5D (Tei? (81" (Grop(42)) x 0(IDI2) ) )

Meanwhile, on the right of (5.1) the first term is

where for 0 <j <n

k+n—1
Sp (Tr4D ([Gk,D(4z)79(|D|2)]n)) = |D|" ( n )

W Ty ([Gr,p(2), Gr,n(2)]20)

2n
by [5, Theorem 1.1], while the second term is Sp of a sum we handle as follows. By applying (1.6)

the induction hypothesis, linearity of the trace map, and the fact that Maass-Shimura operators
and trace map commute (shown in the proof of Lemma 5.1) we obtain

n—1
So | 3o asm) TP (6077} 5 (67 (Grn(42)) x 6(DJ2) ) )
=0
n—1 ]
Z a] |D’n 35(271*21)

2k+45
Jj=0

(50 (14 (89(Gp(42)) x 6(DI) )

n (2n—2 j 2
=/D|" TxP 24]% 2k+43]) ((5£J)Gk,D(Z)) >

So after applying Sp to (5.1), we obtain

D
Sp (TriD (5£")(Gk,D(4Z)) X 9(|D\z))) — |D|" % (—1)" Try (B)

(k+2n73/2) ’ (5'2)
h
where (k+n 1) 2 )
B = ity (), Gun (o)l 24% g
2n

2k+4j ) <<5I(gj)Gk,D(Z))2> :
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Notice that B is the same as (4.3), but with Gy, p instead of f. So, following the same algebraic
manipulations done at the end of the proof of Proposition 4.2, we see

B:(_4)n<kz+2n 3/2> (6 Gron(> ))2

n
Thus by (5.2)

n

TP (=) (207972 (500G (2))?)

Sp (TP (81 (Gr,p(42)) x 6(DI2)) ) = (~1)"|D]" G

= 4" DI" TP (6" Grn(2))?)
as desired. (]

Now, we handle the cases where e > 1 to conclude Theorem 5.2.

Proof of Theorem 5.2. Let e > 1, as we have already proven the e = 0 case. Using (2.5), we get
P ([5](gn)Gk,D(4Z) (ID]z ] ) Zaj YTriP (6 ( 15:3-2]7"3+1/2+2j (5,(€n+J)Gk,D(Z) X 9(|D|z))) ,

where

k42 ~ N\ (k+2n+1 i — 2
aje) = (i (" T Te Tindgreti—2)
! e—j J

Using the commutativity of Maass-Shimura operators with the trace map, (1.6), and Proposition

5.3, we can apply Sp and write the right hand side as

Sp Zaj 1P 1 s 007G (2) x 6(1D)2)))

=4"|D|"** 24]% ‘5%14?42471 ( v ((5l(cn+j)Gk7D(z))2>>
7=0

n n+e (2e—2 n+j
=47 D[+ T 24% 05 (O Grn(2))?)

Following the same algebraic mampulatlons performed in the proof of Theorem 1.2, we have
(k+e+2n—1)

e n+j 2 e n n
Z4jaj Qi+4ij+)2n ((5I(c +])Gk7D(z)> > = (k+26+2n—1) [5](€ )Gka(z)75](€ )Gk,D(z)]Zev
2e

from which it follows that Sp <Tr3D <[5,§n)Gk,D(4z), 9(\D[z)} e)) =

(k+2n+e+1) b (n) (n)
4”|D|6+nmr_ﬁ‘l ([6k Gk,D(z)yék Gk’D(Z)}Qe)'

(5
)

By recalling the definitions of Qgﬁi’ . and F gf ke We see this is the desired result. O
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6. DISCUSSION

First, the notion of nearly holomorphic modular forms of half-integral weight can be generalized
to congruence subgroups of I'g(4) in an obvious way, as well as the theory of Hecke operators.

Using (1.6), Shimura lifts can also be extended to these modular forms.

Waldspurger [15] has worded out the Shimura correspondence in the framework of automor-
phic representations. Roughly speaking, to each irreducible automorphic representation 7 of the
metaplectic cover of SLo, Waldspurger determined a representation @ of GLo, whose L-function
is related to that of 7 in the way dictated by Shimura. Since the Maass-Shimura operators only
affect the archimedean places and do not change the underlying automorphic representations 7 or
m, it is expected that they are related naturally via Waldspurger. This is one of the motivations

of our paper.

Our definition of the Shimura lift Sp in (1.6) is somehow artificial, although Proposition 3.2
shows that it satisfies the critical Hecke equivariance property. It is highly desirable to construct
such correspondence in a more natural way, for example through the theta correspondence with a
suitable kernel function. We note that Niwa [10] (and Shintani [14]) have constructed the Shimura
correspondence (and its adjoint) through explicit theta correspondences. Recently, Shintani’s
construction has been generalized to the nearly holomorphic setting by Li and Zemel [9]. We
hope to generalize Niwa’s construction to the nearly holomorphic modular form setting and show
it matches our definition. Also, we hope to study the relationship between our construction and
the one in [9]. In particular, we want to investigate whether these two constructions are adjoint

to each other, like the relationship between the constructions of Niwa and Shintani.
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